~i)stract Direct numerical simulations (DNS) of 2 and 3D turbulent flows in a lid-driven cavity have been performed. DNS are numerical solutions of the unsteady (here: incompressible) Navier-Stokes equations that compute the evolution of all dynamically significant scales of motion. In view of the large computing resources needed for DNS cost-effective and accurate numerical methods are to be selected. Here, various-order accurate spatial discretization methods for DNS have been evaluated by applying them to the 2D driven cavity at Re = 22,000. To analyze the results of the DNS of the 2D flow in a driven cavity at Re = 22,000 the proper orthogonal decomposition (POD) technique has been applied. POD is an unbiased method to determine coherent structures. The Galerkin projection of the Navier-Stokes equations on the space spanned by the POD-basis-functions yields a relatively low-dimensional set of ordinary differential equations that mimics the dynamics of the Navier-Stokes equations. 3D DNS with no-slip conditions at all walls of the cavity have been performed at both Re = 3,200 and Re = 10,000. The results reproduce the experimentally observed Taylor-G6rtler-like vortices.
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Introduction
Direct Numerical Simulations (DNS) are numerical solutions of the unsteady (here: incompressible) Navier-Stokes equations that compute the evolution of all dynamically significant scales of motion. Unfortunately, DNS of engineering flows exhaust the largest available computing resources by requiring machines in the exa(1018) flops range with exabytes of memory. Thus, for engineering applications acceptable computational effort can only be obtained by modelling * Corresponding author. the turbulence of the flow. However, with existing turbulence models the simulation accuracy required by industry cannot be reached in many technological applications, making turbulence modelling the main pacing item in the development of applied CFD codes. It is generally expected that DNS will play the key role in obtaining better turbulence models; DNS have now become the chief source of highly detailed data for turbulence modelers and researchers [1] .
In this paper, we report on DNS of turbulent flows in two-and three-dimensional, lid-driven, cavities and on their mathematical analysis. The two-dimensional simulations have been performed to evaluate numerical methods for DNS 0167-739X/94/$07.00 © 1994 Elsevier Science B.V. All rights reserved SSDI 0167-739X(94)00032-A and to study the properties of the proper orthogonal decomposition (POD) technique. 2 . I)NS of t~vo-dimensional flov~ in a driven tacit>
In two dimensions, the flow converges to a steady state for Reynolds numbers up to 10,000 [2] . For larger Reynolds numbers, 2D driven cavity flows undergo a transition to unsteadiness. Our direct simulations exhibit that the flow converges to a purely periodically oscillating state at Re = 11,000. The amplitude of the periodic motion is small: in terms of the total kinetic energy 0.2% of the mean value (more details can be found in [3] ). DNS of the motion of the vortical structures at Re = 22,000 reveals that the dynamics has become chaotic: the correlation dimension is approximately 2.8, the Kolmogorov entropy is approximately 3.0. As expected, the number of vortices has increased compared to the simulation at Re = 11,000. Furthermore, the motion of vortical structures is no longer confined to small regions near the corners of the cavity. To illustrate this, three instantaneous vorticity fields are shown in Fig. 1 .
Evaluation of numerical methods fi~r DNS
In view of the large computing resources needed for DNS a careful selection of cost-effec-tive and accurate numerical methods is important. Here, various-order accurate spatial discretization methods for DNS have been evaluated by applying them to the driven cavity at Re = 22,000. The evaluation focusses on the accuracy with which the mean kinetic energy is computed using a 2002 economically stretched, staggered grid, and a time-step that is so small that the error resulting from the time-integration is negligible. Central as well as upwind discretizations have been considered. The central method consisting of a rnth order central discretization of the convective term (in conservative form) combined with a nth order interpolation, and a kth order central discretization of the diffusive term is denoted by CmlnCk. Likewise, an upwind method is denoted by UmlnCk if the conservative term (now in non-conservative form) is discretized using a mth order upwind-biased method. A Lagrange interpolation is used to obtain the coefficients of the stencils. Since stencils with more than one gridpoint on either side of the point at which the derivative is to be calculated cannot be applied near the boundaries, high-order methods are gradually replaced by lower-order methods in the vicinity of the boundaries. Reference data for the comparison is obtained using the U514C6 method on a 4002 stretched grid. The main results of the comparison are shown in Fig. 2 . From this figure, it can be concluded that C414C6 and U716C8 perform the best of the methods considered here. To analyze the results of the DNS of the turbulent flow in a driven cavity at Re = 22,000, we make use of proper orthogonal decomposition (POD). That is (see e.g. [4] ), from fluctuating flow fields a set of (say N) basis-functions is extracted, which is optimal in the sense that any other decomposition (e.g. in N Fourier-modes) cap-tures less kinetic energy. The Galerkin projection of the Navier-Stokes equations on the space spanned by the basis-functions yields a relatively low-dimensional set of ordinary differential equations. This 'cheap' (compared to Navier-Stokes) set can be analyzed using tools from dynamical systems theory, and thus we can advance our understanding of turbulence, provided that this set mimics the dynamics of the Navier-Stokes compared to the energy captured by Fouriermodes (Fig. 3) , and, as expected, POD is far superior to Fourier. Furthermore, as can be seen in Fig. 4 , POD is an unbiased method to determine the coherent structures (eigenflows) in the driven cavity flow.
It has been found that the evaluation obtained by numerical integration of a 80-dimensional dynamical system, which is obtained by projecting the Navier-Stokes equations on the first 80 POD basis-functions, agrees well with direct numerical simulation data at Re = 22,000. Also, when the Reynolds number in the 80-dimensional dynamical system is taken equal to 11,000 the integration of the dynamical system reproduces the periodic solution as obtained by DNS at Re = 11,000.
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Reliable experimental results (see e.g. [6] ) have pointed out that the flow in a three-dimensional driven cavity is already unsteady for Reynolds numbers much smaller than 10,000. The experiments reveal that the flow becomes turbulent at Reynolds numbers between 6,000 to 8,000, and that the first instability in the 3D flow is certainly not two-dimensional: the experimentally observed instability is associated with 3D Taylor-G6rtlerlike vortices. Thus, fluid flows in the direction perpendicular to the lid-motion are significant. For this reason, full 3D DNS (with no-slip conditions at all walls of the cavity) have been performed at Re = 3,200 and Re = 10,000. A 1003 economically stretched, staggered grid has been used to solve the incompressible Navier-Stokes equations numerically. The CPU-time on one processor of NLR's NEC SX-3 is 0.6 /~s per gridpoint and time-step. The results reproduce the experimentally observed Taylor-G6rtler-like vortices, and the computed mean velocities agree well with those measured by Koseff and Street [6] . As an illustration of the structures in the flow, Fig. 5 shows an instantaneous vorticity field in the 3D cavity at Re = 10,000. In this figure, the orientation of the cavity is such that the upperplane is driven from the left/back to the right/front. Rocl ~, erslappen was born in Venray (The Netherlands) on 22 June 1962. He received his education in applied mathematics at the University of Twente in the Netherlands. In 1989 he received his Ph.D. in engineering from this university. After that he moved to the University of Groningen where he works on the field of computational fluid dynamics.
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